We propose the incorporation of graphene to integrated coupled resonator waveguides and side-coupled integrated spaced sequence of resonator devices to enable reconfigurable operation. The key element to achieve this is a tunable silicon graphene Mach-Zehnder interferometer (MZI) that acts as an equivalent variable 2 Â 2 coupler, where the value of its coupling constant is changed by varying the chemical potential of a graphene section placed on top of one of its arms.
Introduction
Graphene is a 2-D single layer of carbon atoms arranged in an hexagonal lattice that has raised considerable interest in recent years due to its remarkable optical and electronic properties [1] - [3] . In particular, it has a linear dispersion relationship in the so-called Dirac points where electrons behave as fermions with zero mass, propagating at a speed of around 10 6 ms À1 and featuring mobility values of up to 10 6 cm 2 V À1 s À1 . Graphene also shows unusual optical properties [4] . For instance, due to its linear dispersion, it can absorb light over a broad frequency range enabling broadband applications. Another noteworthy property of this material is that the density of states of carriers near the Dirac point is low, and as a consequence, its Fermi energy can be tuned significantly with relatively low electrical energy (applied voltage) [1] - [4] . This Fermi level tuning changes, in turn, the refractive index of graphene, and thus, the combination of graphene with integrated dielectric waveguides opens unprecedented possibilities for the design of tunable components in optoelectronics [5] , and several groups have recently reported devices with applications in the microwave, terahertz, and photonic regions of the electromagnetic spectrum [3] - [6] . A particularly active area of research aims at designing tunable integrated photonic components and different groups have reported both theoretical and experimental contributions addressing different functionalities that include electro-absorption modulation in straight waveguides [6] - [8] , resonant modulators [9] , channel switching [10] , and electro-refractive modulation [11] .
Although most of the former components can find application in digital communications, the use of graphene can also be exploited in microwave photonics (MWP) applications, as we have recently proposed for the implementation of phase shifters [12] and true time delay lines, [13] .
While these devices are key in most MWP systems [14] , [15] , these systems also require the availability of reconfigurable complex integrated resonant filters [16] , such as coupled resonator optical waveguides (CROWS) and side-coupled integrated spaced sequence of resonators (SCISSORS). In this paper, we propose the incorporation of graphene to integrated coupled resonator waveguides (CROWS) and SCISSOR devices to enable reconfigurable operation. The paper is structured as follows. In Section 2 we review some basic properties of graphene that are important in the design of tunable integrated photonic components, such as the dependence of its conductivity and dielectric constant on the chemical potential and applied voltage and we briefly describe the silicon photonics waveguide considered for the implementation of the reconfigurable resonant filters. Although graphene can be incorporated into other material platforms including InP [17] and Si 3 N 4 [18] its integration in Silicon waveguides is so far better understood both theoretically and experimentally, and therefore, we consider this option in the paper, although the design procedure can be extended to both of them as well. Section 3 presents the layouts of the CROW and SCISSOR devices and elaborates on the designs of its key component, which is the tunable 2 Â 2 coupler implemented by means of a graphene based Mach-Zehnder Interferometer (MZI). It also presents the results obtained for the design of uniform and apodized CROW and SCISSOR reconfigurable devices and also describes the synthesis procedure to implement maximally flat Butterworth filters. Section 4 discusses practical orders of magnitude related to power voltage operation ranges, power consumption and reconfiguration speed of these filters. Section 5 presents our conclusions.
Graphene Conductivity and Silicon Waveguide Design
Graphene has noteworthy optical properties due to its conical band structure that allow both intra-band and inter-band transitions [1] - [3] . Both types of transitions contribute to the material conductivity [18] 
Intra-band transitions are the dominant source for the overall conductivity in the microwave and terahertz regions of the spectrum that can be expressed in terms of the Kubo's formula [18] :
where e represents the charge of the electron, " h the angular Planck constant, k B the Boltzmann constant, T the temperature, c is the Fermi level or chemical potential
is the electron collision rate which is a function of the electron mobility , and the Fermi velocity in graphene v F % 10 6 ms À1 . In the visible optical region of the spectrum, however, inter-band transitions dominate the conductivity that is given by [3] 
where f ðx Þ is the Fermi-Dirac distribution. From (1)- (4), one can get the dielectric constant of a layer of graphene:
where Á ¼ 0:34 nm is the thickness of the layer. The upper left part of Fig. 1 represents, as an example, the real and imaginary parts of both the intra and inter-band conductivities for ¼ 1550 nm, T ¼ 300 K, and 1=2À ¼ 5:10 À13 sec as a function of the chemical potential, while the lower part represents the dielectric constant. In this particular example, a transition can be observed at j c j ¼ 0:4 eV, where the dielectric constant changes from purely real j c j 9 0:4 eVto imaginary j c j G 0:4 eV. Note that in the vicinity of j c j ! 0:4 eV a small change in the chemical potential yields a substantial change in the real value of the effective index of graphene as shown in the upper right part of Fig. 1 . Graphene is electro-refractive in that region. On the other side, a small change in the chemical potential in both directions around j c j ¼ 0:4 eV yields a substantial change in the imaginary value of the dielectric constant (i.e., the losses) and graphene is electroabsorptive in that region. Exploiting either the electro-refractive or the electro-absorptive behaviour of graphene lies at the heart of designing the microwave photonics phase-shifter. Tunability is achieved by suitable application of a voltage V g to the graphene layer in combination with a dielectric substrate, since this changes the value of the chemical potential according to [11] 
where V o ¼ 0:8 V is the offset from zero caused by natural doping n o due to the graphene-substrate interaction (we assume p doping), C ¼ " d =d is the effective capacitance per unit area, where d represents the substrate layer thickness, " d the dielectric constant of the combined graphenesubstrate structure, and ¼ C=e ¼ 9 Â 10 16 V À1 m À2 [6] . The relationship between the required chemical potentials and the carrier densities can be found by straightforward application of 
Silicon Graphene Reconfigurable CROW and SCISSOR Structures
The right part of Fig. 2 shows the typical diagrams of a CROW [20] (upper part) and a SCISSOR (lower part) cavity filter respectively. Although the number of cavities in both structures can be arbitrary, in the figure we only show three. Note as well that the SCISSOR can have an upper waveguide bus, which we have not included in the figure. Throughout this paper we will assume that all cavities have the same length L, although in practice they can also be different. In the right part of the figure we show the design for the proposed silicon graphene versions of both designs respectively. A racetrack configuration has been selected where the coupling regions between the different cavities and those between the bus waveguides and the input cavities are implemented by means of a 3 dB tunable Mach-Zehnder Interferometer (MZI) as proposed by Madsen et al. [21] . This structure behaves as a tunable 2 Â 2 coupler provided that the phase difference between the balanced arms (of total length L MZI ) of the MZI can be tuned by some external means. In practice it is customary to do so by exploiting the thermo-optic effect, but this results in an inherently slow tuning speed (several milliseconds). A fast phase shift and therefore coupler tunability can be achieved exploiting the electro-refractive region of the silicon graphene waveguide shown in Fig. 1 , which corresponds to j c j ! 0:4 eV. To do so, one of the two arms of the MZI structure is includes a portion of silicon graphene waveguide of length L g .
The upper part of Fig. 3 shows a more detailed description of the tunable MZI device where all the relevant elements are displayed including the metal contacts to obtain the desired value of the chemical potential by the application of a suitable voltage according to (6) . Fig. 4 shows, for instance, the results obtained of a 5 cavity lossless CROW and SCISSOR structures. In all the cases, the racetrack cavities had equal length (650 m ).
Further control is possible if the tunability provided by the graphene variable MZI 2 Â 2 couplers can be exploited to implement filter synthesis algorithms. For instance, an elegant continuous fraction technique has been derived in [22] that allows for the synthesis of CROW filters by means of the insertion loss method. We have employed the technique described in [22] to implement second, third and fourth maximally flat Butterworth filters using CROW structures. required values for each of the transfer functions displayed in Fig. 5 . As it can be appreciated from Fig. 5 maximally flat response is obtained in all the cases with a better approximation to the Butterworth filter profile for higher Q ðK G 0:3Þ and higher cavity count filters (which is actually the condition for which the partial fraction approximation of the CROW filter transfer function derived in [22] holds.
Discussion
The results obtained in Section 3 show that, in principle, the use of silicon graphene waveguides can be employed to implement tunable CROW and SCISSOR structures with fairly complex transfer functions. We now discuss on the orders of magnitude of the required voltages, the power consumption, and reconfiguration speed.
The required voltage ranges can be obtained from the chemical potential using (6) . According to the results displayed in Fig. 3, covering a coupling Note that, according to (6) the voltage operation values will depend on the effective capacity, which, in turn can be altered by changing the oxide thickness in the waveguide structure. Regarding the power required by coupler this will depend on the value of the contact resistance between the electrode and the graphene sheet since the resistance of the graphene layer can be neglected [6] . Typical reported values are in the around R ¼ 600 [6] , which imply a power range in between 3.3 and 15.4 mW, that is a 12 mW margin to drive the coupler from 0 K 0:5. Finally regarding the potential reconfiguration speed of the individual couplers this will be proportional to their RC time constant. Since typical values of the capacity are in the order of 0.2 pF [6] the expected reconfiguration speed is around 0.12 ns, which is at least three orders of magnitude faster than what is achievable with thermo-optic effects.
Summary and Conclusion
We have proposed, for the first time to our knowledge, the incorporation of graphene to integrated coupled resonator waveguides (CROWS) and SCISSOR devices to enable CROW structures and the partial fraction method of [20] . The required values for the chemical potentials in each case are given in Table 1. reconfigurable operation. The key element to achieve this is a tunable silicon graphene MachZehnder interferometer (MZI) that acts as an equivalent variable 2 Â 2 coupler, where the value of its coupling constant is changed by varying the chemical potential of a graphene section placed on top of one of its arms. Versatile operation including uniform, windowed, and maximally 
